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Модели	  экструзивных	  извержений.	  	  
• Циклические	  режимы	  роста	  лавовых	  куполов.	  
• Кинетика	  кристаллизации	  магмы,	  вызванная	  дегазацией.	  
• Модель	  с	  кусочно-‐постоянной	  вязкостью.	  Стационарное	  
решение.	  Неустойчивость.	  Выход	  на	  стационар	  и	  
циклический	  процесс.	  
• 	  Учет	  нелинейной	  реологии	  магмы	  и	  кинетики	  
кристаллизации.	  	  
• Распределения	  кристаллов	  по	  размерам	  
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Циклические	  режимы	  (SHV)	  

•  Короткопериодные	  (часы,	  дни)	  
–  Угломерные	  измерения	  
–  Сейсмические	  данные	  

•  Длиннопериодные	  (2-‐3	  года)	  
–  Рост	  купола	  
–  Паузы	  в	  извержениях	  
–  Деформации	  поверхности	  (опускание	  во	  время	  роста,	  
поднятие	  при	  паузах)	  

•  Промежуточные	  (5-‐7	  недель)	  	  
–  Быстрое	  изменение	  скорости	  роста	  купола	  	  	  
–  Сейсмические	  события	  и	  пирокластические	  потоки	  
–  Угловые	  измерения	  



Объем	  купола	  и	  деформации	  
поверхности	  на	  SHV	  



Mount	  St.	  Helens	  	  
(1980-‐1987)	  

3	  периода	  роста	  купола;	  

I	  	  -‐	  8	  всплесков	  	  5-‐15	  m3s-‐1,	  Qav=0.67	  m3s-‐1	  

II	  -‐	  постоянный,	  Qav=0.48	  m3s-‐1	  

III-‐	  4	  всплеска	  	  5	  -‐15	  m3s-‐1,	  Qav=0.23	  m3s-‐1	  	  



Sannaguito	  
(1922-‐2015-‐?)	  

Циклы:	  8	  с	  1922	  г.	  

Интенс.	  (0.5-‐2.1m3	  s-‐1):	  3-‐6-‐лет	  

Слабый	  	  (~0.2	  m3	  s-‐1):	  3-‐11-‐лет	  

Средний	  расход:	  ~0.44	  m3	  s-‐1	  



Экструзивный	  режим	  извержения	  

Медленный	  подъем	  	  
(0.1-‐30	  мм/с)	  

v Кристаллизация	  магмы	  при	  
подъеме	  приводит	  к	  росту	  
вязкости	  

v Слияние	  пузырьков	  и	  
фильтрация	  газа	  через	  них	  	  

v Подпитка	  очага	  в	  процессе	  
извержения	  свежей	  магмой	  	  



КИНЕТИКА	  КРИСТАЛЛИЗАЦИИ	  
МАГМЫ	  



Пример фазовой диаграммы вулкана Маунт Сент 
Хеленс 

 
 
 
 
 
 

	  Jon	  Blundy,	  Kathy	  Cashman	  (2001)	  Ascent-‐driven	  crystallisanon	  of	  dacite	  magmas	  at	  
Mount	  St	  Helens,	  1980-‐1986.	  Contrib	  Mineral	  and	  Petrol	  V	  140(	  6)	  



При подъеме магмы за счет падения давления происходит 
эффективное переохлаждение расплава и его кристаллизация. 
 
Температура может оставаться постоянной! 
Или даже расти  



COUCH, S. et al. J. Petrology 2003 44:1477-1502; doi:10.1093/petrology/44.8.1477 

Кристаллизация магмы на вулкане 
Суфриер Хиллз, Монтсеррат,  

 
Эксперименты Сьюзан Коуч 



Скорости	  роста	  и	  нуклеации	  как	  функции	  
переохлаждения	  

Hort, M., 1998. Abrupt 
change in magma 
liquidus temperature 
because of volatile loss 
or magma mixing: effects 
on nucleation, crystal 
growth and thermal 
history of the magma, J. 
Petrol. , 39 , 1063–1076. 

I	  –	  скорость	  	  	  
нуклеации	  (1/m3/s)	  	  
U	  –	  скорость	  роста	  
	  	  кристаллов	  	  (m/s)	  



Моделирование	  кристаллизации	  
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Melnik, OE & Sparks, RSJ. 
'Controls on conduit magma 
flow dynamics during lava 
dome building', Journal of 
Geophysical Research: Solid 
Earth, 110 (2) B02209, (pp. 
1-21), 2005.  



Забудем	  о	  сложностях.	  
	  На	  время	  

Простейшая	  модель	  подъема	  
магмы	  с	  кристаллизацией.	  



Простейшая модель 

ü Магма	  -‐	  вязкая	  жидкость.	  

ü  Вязкость	  ступенчатая	  функция	  
концентрации	  кристаллов.	  

ü  Плотность	  магмы	  постоянна	  
ü  Канал	  цилиндрический.	  
ü Очаг	  извержения	  находится	  в	  

упругих	  породах	  и	  подпитывается	  с	  
постоянным	  расходом.	  

Barmin, A, Melnik, OE & 
Sparks, RSJ. 'Periodic 
behavior in lava dome 
eruptions', Earth and Planetary 
Science Letters, 199 (1-2), (pp. 
173-184), 2002.  



Система уравнений 
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Стационарное решение 
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Результаты	  расчетов	  по	  
нестационарной	  модели	   ( )ch
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ü Реальная	  кинетика	  кристаллизации	  
и	  дегазации	  
ü Нелинейная	  реология	  
ü Фильтрация	  газа	  сквозь	  магму	  
ü Переменное	  поперечное	  сечение	  
ü Упругие	  деформации	  пород	  	  

Развитие	  модели	  

ü  Melnik, OE & Sparks, RSJ. 'Controls on conduit magma 
flow dynamics during lava dome building', Journal of 
Geophysical Research: Solid Earth, 110 (2) ,1-21, 2005. 

ü  Costa A., O. Melnik and R.S.J. Sparks. Controls of 
conduit geometry and wallrock elasticity on lava dome 
eruptions. Earth and Planetary Science Letters, Volume 
260, Issues 1-2, 2007, Pages 137-151.  

ü  Melnik, OE & Sparks, RSJ. 'Nonlinear dynamics of lava 
dome extrusion', Nature, 402, (pp. 37-41), 1999. 
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Система уравнений 

Сохранение 
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Уравнения 
импульса 



Низкая	  пористость	  купола	  
ПЕМЗА 

ЛАВОВЫЙ КУПОЛ 

Melnik, OE & Sparks, RSJ. 'Nonlinear dynamics of lava dome extrusion', Nature, 402, (pp. 37-41), 1999. 
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Вулкан	  Суфриер	  Хиллз,	  Монтсеррат,	  
Карибское	  море	  (1995-‐2007)	  

промежуточные	  циклы	  

Наклономер 



Моделирование	  
извержения	  

Costa, A, Melnik, OE, Sparks, RSJ & Voight, B. 'Control of magma flow 
in dykes on cyclic lava dome extrusion', Geophysical Research Letters, 
34, pp. 1-5, 2007 



Моделирование	  угловых	  измерений	  

Stefanie 
Hautmann, 
Bristol 



Экспериментальное	  моделирование	  циклических	  
режимов	  
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Зависимость	  давления	  и	  
температуры	  от	  времени	  



Короткопериодические	  циклы	  



•  Канал	  разбивается	  на	  
две	  части	  

•  В	  верхней	  части	  	  
–  Диффузионное	  
газоотделение	  

–  Вязкость	  магмы	  зависит	  
от	  содержания	  
растворенного	  газа	  	  	  

•  Нижняя	  часть	  	  
–  Канал	  с	  податливыми	  
стенками,	  его	  объем	  
зависит	  от	  давления	  

–  Трение	  отсутствует	  
•  Вход	  в	  канал	  

–  Постоянный	  расход	  
магмы	  



Costa A., Wadge G., Melnik O. (2012) Cyclic extrusion of a lava dome based on a stick-slip mechanism, 
 Earth Planet. Sci. Lett., Vol. 337-338, 39-46, doi: 10.1016/j.epsl.2012.05.011 
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the permeable magma, deformation of the conduit walls and the
friction between the walls and the plug at the top of the conduit.

Experiments on high viscosity crystallised andesitic magmas,
typical for lava dome eruptions, showed the occurrence of fric-
tional melting (Lavallée et al., 2012). In these experiments slip
appeared at a shear stress of about 1.5–2 MPa. They identified a
very thin layer (!0.4 mm) of chemically homogeneous frictional
melt containing resorbed crystals where the viscosity is reduced
by six orders of magnitude. In the upper part of a lava dome,
where the viscosity is extremely large due to a high degree of
microlite crystallisation, frictional melting can be a viable
mechanism for promoting wall slip. Shear bands in a volcanic
conduit were modelled by Hale and Mühlhaus (2007) for a high
crystallinity magma similar to that of the SHV, Montserrat. Shear
bands were simulated using a strain-localisation model when the
shear stress equals the magma shear strength. However they did
not model friction-controlled slip but only a plastic flow. They
showed that shear bands can form to depths of a few hundreds
metres. It is worth noting that, in order to obtain shear band
depths of about 700 m in their analysis they had to assume low
magma shear strengths (2"105 Pa) but they neglected comple-
tely any shear heating effects. Results from frictional melt
experiments (Lavallée et al., 2012) and computational results for
viscous magma flows (Costa and Macedonio, 2003; 2005; Costa
et al., 2007a; Hale et al., 2007) indicate that in conditions typical
for lava dome flows, viscous heating has a major contribution to
the formation of effective shear bands.

Here, we generalise the heuristic model proposed by Denliger
and Hoblit (1999) for SHV and make it suitable for the combined
dyke-cylinder geometry of Costa et al. (2007b). We use a quanti-
tative slip relationship similar to the slip law inferred for polymer
flow, and constrain all physical parameters necessary to the model
with the most recent estimation derived from both observations
and models, and a combination of both (e.g., Costa et al., 2007b;
Odbert and Wadge, 2009). In particular we develop a general
framework based on a simplified quantitative model for lava dome
extrusion that, invoking wall–slip conditions and a partially elastic
conduit, is able to explain the sub-daily cyclic behaviour of magma
flow and lava extrusion, observed at the SHV, with periods from
about 3–30 h, with a mean of !9 h (Voight et al., 1999).

2. Mathematical model of lava extrusion

Let us consider a simple system consisting of an elastic dyke of
height Ld, and width Wd (where Wd¼2a) that feeds a cylindrical
conduit of length Lc and radius R and is filled with magma (Fig. 1).
This system is similar to an industrial polymer extruder, where
the dyke acts as the barrel, the conduit as the die and the magma
as a polymer.

We assume that the relationship between the pressure at the
top of the dyke P and the mass influx Qin and mass outflux Qout of
magma to and from the dyke is given by

dP
dt
¼

g
rVd
ðQin%Q Þ ð1Þ

where Q ðtÞ ¼Qout ¼ 2p rd

R R
0 vðr,tÞrdr (with t denoting time, r radial

coordinate, and v magma velocity), Vd is the dyke volume, r is the
average magma density, and g is an effective compressibility–
rigidity modulus that, in principle, can be expressed as a function
of the magma bulk modulus, K, and the rigidity modulus of rocks
surrounding the dyke, G.

Costa et al. (2007b,c) developed a model for magma flow
feeding lava dome extrusion whose components comprised a
dyke below a cylindrical conduit. The model accounts for degas-
sing-induced crystallisation kinetics, gas exsolution and filtration

through the magma, rheological stiffening of magma due to
crystallisation, and latent heat release (Melnik and Sparks, 1999,
2005). As it considers a dyke geometry, Costa et al. (2007b,c)
accounted for variations in conduit cross-section due to elastic
deformation of the wallrocks. Rather than choose the value of g
arbitrarily or from a simplified zero dimensional physical model,
we estimate its typical range of values using the geometry and the
physical parameters given by the Costa et al. (2007b) model for
the SHV dyke-cylinder system. Using this approach (explained in
detail in the Appendix A) we found that g is not constant but
varies on a time scale of the order of weeks (Fig. 2). The variation
of the compressibility–rigidity modulus, g, is controlled by the
compressibility of the magma and elastic expansion of the dyke.
These factors lead to changes of the effective compressibility–
rigidity modulus. However, the nonlinear interplay between the
pressure variation rate dP/dt and the magma budget (Q%Qin)
leads to a more complicated variation of the modulus. Since here
we aim to capture the first-order behaviour of the system, we
explore the variability of g in a parametric way and use the results
from the Costa et al. (2007b) model to estimate the typical range
of values of g. We focus in this paper on processes with a
timescale of the order of hours, whereas g fluctuates on timescale
of weeks, so a quasi-steady approach can be used and g can be
treated as a constant in the range from 0.01 GPa to 5 GPa (see
Fig. 2 and Appendix A). A more general model that explicitly
describes g as a time-dependent parameter is the subject of
further work.

The momentum equation for flow of magma with viscosity m
inside the cylindrical conduit is:

r @v
@t
þ

1
r
@
@r

rm @v
@r

! "
¼%

@P
@z
%rg (%

@ ~P
@z

ð2Þ

where z denotes the vertical coordinate and g gravitational accel-
eration. As a first approximation we can neglect fluid compressi-
bility and wallrock elasticity in the cylindrical conduit. Moreover,
since the Reynolds number, Re¼rVR/m, is typically very small,

Fig. 1. Simplified sketch of the investigated system. Modified after Costa et al.
(2007c).
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the permeable magma, deformation of the conduit walls and the
friction between the walls and the plug at the top of the conduit.

Experiments on high viscosity crystallised andesitic magmas,
typical for lava dome eruptions, showed the occurrence of fric-
tional melting (Lavallée et al., 2012). In these experiments slip
appeared at a shear stress of about 1.5–2 MPa. They identified a
very thin layer (!0.4 mm) of chemically homogeneous frictional
melt containing resorbed crystals where the viscosity is reduced
by six orders of magnitude. In the upper part of a lava dome,
where the viscosity is extremely large due to a high degree of
microlite crystallisation, frictional melting can be a viable
mechanism for promoting wall slip. Shear bands in a volcanic
conduit were modelled by Hale and Mühlhaus (2007) for a high
crystallinity magma similar to that of the SHV, Montserrat. Shear
bands were simulated using a strain-localisation model when the
shear stress equals the magma shear strength. However they did
not model friction-controlled slip but only a plastic flow. They
showed that shear bands can form to depths of a few hundreds
metres. It is worth noting that, in order to obtain shear band
depths of about 700 m in their analysis they had to assume low
magma shear strengths (2"105 Pa) but they neglected comple-
tely any shear heating effects. Results from frictional melt
experiments (Lavallée et al., 2012) and computational results for
viscous magma flows (Costa and Macedonio, 2003; 2005; Costa
et al., 2007a; Hale et al., 2007) indicate that in conditions typical
for lava dome flows, viscous heating has a major contribution to
the formation of effective shear bands.

Here, we generalise the heuristic model proposed by Denliger
and Hoblit (1999) for SHV and make it suitable for the combined
dyke-cylinder geometry of Costa et al. (2007b). We use a quanti-
tative slip relationship similar to the slip law inferred for polymer
flow, and constrain all physical parameters necessary to the model
with the most recent estimation derived from both observations
and models, and a combination of both (e.g., Costa et al., 2007b;
Odbert and Wadge, 2009). In particular we develop a general
framework based on a simplified quantitative model for lava dome
extrusion that, invoking wall–slip conditions and a partially elastic
conduit, is able to explain the sub-daily cyclic behaviour of magma
flow and lava extrusion, observed at the SHV, with periods from
about 3–30 h, with a mean of !9 h (Voight et al., 1999).

2. Mathematical model of lava extrusion

Let us consider a simple system consisting of an elastic dyke of
height Ld, and width Wd (where Wd¼2a) that feeds a cylindrical
conduit of length Lc and radius R and is filled with magma (Fig. 1).
This system is similar to an industrial polymer extruder, where
the dyke acts as the barrel, the conduit as the die and the magma
as a polymer.

We assume that the relationship between the pressure at the
top of the dyke P and the mass influx Qin and mass outflux Qout of
magma to and from the dyke is given by

dP
dt
¼

g
rVd
ðQin%Q Þ ð1Þ

where Q ðtÞ ¼Qout ¼ 2p rd

R R
0 vðr,tÞrdr (with t denoting time, r radial

coordinate, and v magma velocity), Vd is the dyke volume, r is the
average magma density, and g is an effective compressibility–
rigidity modulus that, in principle, can be expressed as a function
of the magma bulk modulus, K, and the rigidity modulus of rocks
surrounding the dyke, G.

Costa et al. (2007b,c) developed a model for magma flow
feeding lava dome extrusion whose components comprised a
dyke below a cylindrical conduit. The model accounts for degas-
sing-induced crystallisation kinetics, gas exsolution and filtration

through the magma, rheological stiffening of magma due to
crystallisation, and latent heat release (Melnik and Sparks, 1999,
2005). As it considers a dyke geometry, Costa et al. (2007b,c)
accounted for variations in conduit cross-section due to elastic
deformation of the wallrocks. Rather than choose the value of g
arbitrarily or from a simplified zero dimensional physical model,
we estimate its typical range of values using the geometry and the
physical parameters given by the Costa et al. (2007b) model for
the SHV dyke-cylinder system. Using this approach (explained in
detail in the Appendix A) we found that g is not constant but
varies on a time scale of the order of weeks (Fig. 2). The variation
of the compressibility–rigidity modulus, g, is controlled by the
compressibility of the magma and elastic expansion of the dyke.
These factors lead to changes of the effective compressibility–
rigidity modulus. However, the nonlinear interplay between the
pressure variation rate dP/dt and the magma budget (Q%Qin)
leads to a more complicated variation of the modulus. Since here
we aim to capture the first-order behaviour of the system, we
explore the variability of g in a parametric way and use the results
from the Costa et al. (2007b) model to estimate the typical range
of values of g. We focus in this paper on processes with a
timescale of the order of hours, whereas g fluctuates on timescale
of weeks, so a quasi-steady approach can be used and g can be
treated as a constant in the range from 0.01 GPa to 5 GPa (see
Fig. 2 and Appendix A). A more general model that explicitly
describes g as a time-dependent parameter is the subject of
further work.

The momentum equation for flow of magma with viscosity m
inside the cylindrical conduit is:
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where z denotes the vertical coordinate and g gravitational accel-
eration. As a first approximation we can neglect fluid compressi-
bility and wallrock elasticity in the cylindrical conduit. Moreover,
since the Reynolds number, Re¼rVR/m, is typically very small,

Fig. 1. Simplified sketch of the investigated system. Modified after Costa et al.
(2007c).
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we can neglect also the inertial term. Assuming a constant viscosity
of the magma across the conduit and a slip boundary condition at
the wall, we can write a solution of Eq. (2) as

vðr,tÞ #
1
4

R2

m
@ ~P
@z

1$
r2

R2

! "
þvslip ð3Þ

where vslip denotes the slip velocity at the wall. In order to simplify
the problem, we assume that the pressure drop is linear,
i.e. @ ~P=@z& Pn=Lc , where Pn denotes the pressure difference between
the bottom and the top of the cylindrical conduit (Lc denotes the
cylindrical conduit length). The assumptions of an incompressible
magma and of a linear pressure drop within the cylindrical conduit
hold for an order-of-magnitude analysis, but they are not very
realistic for lava dome eruptions (Melnik and Sparks, 2005;
Costa et al., 2007c). Typical pressure distribution deviates sig-
nificantly from linear, especially in the shallow portion of the
conduit (Melnik and Sparks, 2005; Costa et al. 2007b,c). Eq. (3)
allows us to calculate the mass flow rate Q(t) (Den Doelder et al.
1998) as

Q ðtÞ #
pR4r

8m
Pn

Lc
þpR2rvslip ð4Þ

Differentiating Eq. (4) with respect time (and denoting ~P as
P to simplify the notation) we obtain

dQ
dt
¼
pR4r
8mLc

dP
dt
þpR2r d

dt
vslip ð5Þ

We assume that the slip velocity is mainly a function of P,
i.e. vslip¼vslip(P). Therefore, we can write d

dt vslip ¼
dvslip

dP
dP
dt , and

Eqs. (1) and (5) can be written as
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To define the relationship that governs the slip law we have to
make further assumptions. For magmas there are no experimental
results that permit a slip relationship to be constrained. Lensky
et al. (2008), assuming magma in the upper cylindrical conduit as
a semi-solid plug, used an exponential function. They assumed
that slip starts when the ratio of the driving stress (sdr) to the
normal stress (sN) exceeds a friction threshold fmo, i.e.sdr=sN Z f mo

(Byerlee 1967). The plug ‘sticks’ when the driving stress to normal
stress ratio falls below a friction threshold far, i.e. sdr/sNr far, and
D and f0 are empirical parameters. Moreover, for the sake of
simplicity, Lensky et al. (2008) assumed sN¼rgzu/(1$u) (u¼0.3
denotes Poisson’s ratio and z depth) and expressed the driving
stress as a function of the gas pressure.

For polymers, although there is still a debate on the mechan-
isms of wall–slip (Denn, 2001), a slip law is well constrained by
experimental results (Hatzikiriakos and Dealy, 1991, 1992a,
1992b). For a slow velocity regime, slip velocity can be expressed
as a function of shear stress, s, in the following terms (e.g.,
Hatzikiriakos and Dealy, 1991; Lam et al., 2007):

vslip ¼
assm, sZsC

0, sosC

(
ð7Þ

where as and m are two empirical parameters and sC is the critical
stress at slip. Experimental results for polymers show that m
ranges from about 2.5–3.6 (Hatzikiriakos and Dealy, 1991, 1992;
Lam et al., 2007). Lam et al. (2007) investigated the effects of wall
slip on concentrated suspension melts at elevated temperatures.
They found a wall–slip relationship similar to Eq. (7) with
mffi2.56 and sCffi0.1 MPa.

Here, for the sake of mathematical simplicity, we adopt a
relationship like eq. (7), where the shear stress is expressed in
terms of a scaled pressure variable, i.e. proportional to the over-
pressure P.

Manipulating equation system (6) and rewriting the equations
in dimensionless form, we obtain the following two-dimensional
dynamical system:

_x ¼$xðy$qinÞ
_y ¼ ½eþF 0ðxÞ* _x ¼$x½eþF 0ðxÞ*ðexþFðxÞ$qinÞ:

(

ð8Þ

Here dots denote derivatives with respect to the dimensionless
time t¼t/tn, the function F(x) represents the dimensionless form
of the relationship vslip(P), F0(x) is the derivative of F(x) with
respect the dimensionless pressure variable x, and the other
symbols represent the following dimensionless variables:

x¼ P=Pn,y¼Q=ðpR2rvnÞ,b¼ R=Lc ,

e¼ bRPn=ð8mvnÞ,qin ¼Qin=ðpR2rvnÞ,x¼ g pR2vntn=ðPnVdÞ:

In the above, y is the dimensionless flow rate variable, qin the
dimensionless influx, b the cylinder radius to height ratio, e a
dimensionless pressure parameter, and x a dimensionless com-
pressibility parameter. As a characteristic velocity we can use
the ratio vn¼R/tn, and as a typical timescale the quantity tn¼m/Pn

Fig. 2. Time evolution of mass flow rate (a), overpressure at the cylindrical
conduit base (b), and the effective compressibility–rigidity modulus g (c), obtained
using the model and parameter values described in Costa et al. (2007b).
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we can neglect also the inertial term. Assuming a constant viscosity
of the magma across the conduit and a slip boundary condition at
the wall, we can write a solution of Eq. (2) as

vðr,tÞ #
1
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R2

m
@ ~P
@z

1$
r2

R2

! "
þvslip ð3Þ

where vslip denotes the slip velocity at the wall. In order to simplify
the problem, we assume that the pressure drop is linear,
i.e. @ ~P=@z& Pn=Lc , where Pn denotes the pressure difference between
the bottom and the top of the cylindrical conduit (Lc denotes the
cylindrical conduit length). The assumptions of an incompressible
magma and of a linear pressure drop within the cylindrical conduit
hold for an order-of-magnitude analysis, but they are not very
realistic for lava dome eruptions (Melnik and Sparks, 2005;
Costa et al., 2007c). Typical pressure distribution deviates sig-
nificantly from linear, especially in the shallow portion of the
conduit (Melnik and Sparks, 2005; Costa et al. 2007b,c). Eq. (3)
allows us to calculate the mass flow rate Q(t) (Den Doelder et al.
1998) as

Q ðtÞ #
pR4r

8m
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Differentiating Eq. (4) with respect time (and denoting ~P as
P to simplify the notation) we obtain

dQ
dt
¼
pR4r
8mLc

dP
dt
þpR2r d

dt
vslip ð5Þ

We assume that the slip velocity is mainly a function of P,
i.e. vslip¼vslip(P). Therefore, we can write d

dt vslip ¼
dvslip

dP
dP
dt , and

Eqs. (1) and (5) can be written as
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To define the relationship that governs the slip law we have to
make further assumptions. For magmas there are no experimental
results that permit a slip relationship to be constrained. Lensky
et al. (2008), assuming magma in the upper cylindrical conduit as
a semi-solid plug, used an exponential function. They assumed
that slip starts when the ratio of the driving stress (sdr) to the
normal stress (sN) exceeds a friction threshold fmo, i.e.sdr=sN Z f mo

(Byerlee 1967). The plug ‘sticks’ when the driving stress to normal
stress ratio falls below a friction threshold far, i.e. sdr/sNr far, and
D and f0 are empirical parameters. Moreover, for the sake of
simplicity, Lensky et al. (2008) assumed sN¼rgzu/(1$u) (u¼0.3
denotes Poisson’s ratio and z depth) and expressed the driving
stress as a function of the gas pressure.

For polymers, although there is still a debate on the mechan-
isms of wall–slip (Denn, 2001), a slip law is well constrained by
experimental results (Hatzikiriakos and Dealy, 1991, 1992a,
1992b). For a slow velocity regime, slip velocity can be expressed
as a function of shear stress, s, in the following terms (e.g.,
Hatzikiriakos and Dealy, 1991; Lam et al., 2007):
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0, sosC
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where as and m are two empirical parameters and sC is the critical
stress at slip. Experimental results for polymers show that m
ranges from about 2.5–3.6 (Hatzikiriakos and Dealy, 1991, 1992;
Lam et al., 2007). Lam et al. (2007) investigated the effects of wall
slip on concentrated suspension melts at elevated temperatures.
They found a wall–slip relationship similar to Eq. (7) with
mffi2.56 and sCffi0.1 MPa.

Here, for the sake of mathematical simplicity, we adopt a
relationship like eq. (7), where the shear stress is expressed in
terms of a scaled pressure variable, i.e. proportional to the over-
pressure P.

Manipulating equation system (6) and rewriting the equations
in dimensionless form, we obtain the following two-dimensional
dynamical system:

_x ¼$xðy$qinÞ
_y ¼ ½eþF 0ðxÞ* _x ¼$x½eþF 0ðxÞ*ðexþFðxÞ$qinÞ:
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Here dots denote derivatives with respect to the dimensionless
time t¼t/tn, the function F(x) represents the dimensionless form
of the relationship vslip(P), F0(x) is the derivative of F(x) with
respect the dimensionless pressure variable x, and the other
symbols represent the following dimensionless variables:

x¼ P=Pn,y¼Q=ðpR2rvnÞ,b¼ R=Lc ,

e¼ bRPn=ð8mvnÞ,qin ¼Qin=ðpR2rvnÞ,x¼ g pR2vntn=ðPnVdÞ:

In the above, y is the dimensionless flow rate variable, qin the
dimensionless influx, b the cylinder radius to height ratio, e a
dimensionless pressure parameter, and x a dimensionless com-
pressibility parameter. As a characteristic velocity we can use
the ratio vn¼R/tn, and as a typical timescale the quantity tn¼m/Pn

Fig. 2. Time evolution of mass flow rate (a), overpressure at the cylindrical
conduit base (b), and the effective compressibility–rigidity modulus g (c), obtained
using the model and parameter values described in Costa et al. (2007b).
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The dependence of the oscillation period on the amplitude, i.e.
from the initial conditions and from a is illustrated in Fig. 5,
where the compressibility–rigidity parameter x is set to 0.15
(since according to Eq. (10) the period is inversely proportional
to x it is trivial to account for its effect). As we mentioned above,
for the particular case m¼3, the value of the fixed point Xn can be
calculated analytically since it involves the solution of a
depressed cubic equation that has one real root and two complex
conjugate roots. For example, for the parameters reported in
Fig. 3, we have Xnffi0.912. For a#5 relationship (11) gives a
timescale of the order of 10 h.

The results shown in Fig. 5 indicate that in order to obtain
timescales from a few to several hours (t#3$30), for a dimen-
sionless compressibility–rigidity x\0:01 we need a slip para-
meter a#10 or a#1 for x\0:1

Finally, Fig. 6 shows that, under the same conditions, the effect
of increasing m is to increase the period and make the flow rate
variation less symmetrical.

From Fig. 5 we can see that periods of oscillation between
3 and 30 h can be obtained within physically reasonable ranges of
the model parameters, specifically values for the compressibility
and slip parameters of x# 0:1,a# 1. We can also make use of
natural perturbations to the system to compare the observed and
modelled responses. One such perturbation is produced by major
gravitational collapses of the lava dome that overlies the upper-
most cylindrical conduit. A dome collapse at SHV removed the
uppermost #100 m of the dome (corresponding to a pressure
drop DP#2 MPa) on the 25th June 1997. The oscillation period of
a tiltmeter located a few hundred metres from the dome (Voight
et al., 1998) changed abruptly from about 12 h to 7 h, as did the
character of the low frequency seismicity (Green and Neuberg,
2006) (Fig. 7). This sudden change in oscillation period may
indicate that the period depends on the turning point positions
as it does in the idealised system we proposed. In accord with
equation system (9), as the initial pressure approaches the
reference overpressure Pn the oscillation period becomes shorter
mainly because the turning point A in Fig. 3 moves to higher
values (there is also a smaller effect on the position of B that tends
to move to lower values). If the deep pressure source remains
constant and the lithostatic loading decreases as a consequence of
the dome collapse, the overpressure gradient of the system
abruptly increases. Such a sudden change can be simulated by
considering the solution corresponding to a new initial condition
X1 ¼ X0þDX where X0 ¼ Xð0Þ represents the initial condition
describing the system before the dome collapse, and DX¼DP/Pn

is the overpressure increase due to the removal of the loading

(DXE0.15). As an illustrative example Fig. 8 shows that the
simple stick-slip mechanism we model is able to reproduce a
change in the periodicity of the system similar to that showed in
Fig. 7. We found that considering some values of the controlling

Fig. 6. Effect of m on the time evolution of Y(t) (proportional to the flow rate) obtained for x¼0.1, a¼10, XC¼0.1, qin¼0.76, e¼0.002 for the cases m¼2 (left) and m¼4
(right).

Fig. 7. Deformation (tilt) cycles (continuous curve) and associated seismic activity
(histograms) from June 23rd to June 28th, 1997 on SHV, with the relative seismic
amplitude (RSAM) calculated for 20-min windows using the seismic record at
station MBGA. The sudden change on June 25th corresponds to the collapse of the
lava dome. After Green and Neuberg (2006).

Fig. 8. Evolution of the overpressure for a simulated step change in overpressure.
For the set of parameters x¼ 0:15,a¼ 5,XC ¼ 0:1,qin ¼ 0:76,e¼ 0:0019, and m¼3
the model is able to reproduce a behaviour similar to the observations of
Fig. 7. At the dotted line the lithostatic loading suddenly decreases by 2 MPa
(as a consequence of the dome collapse).
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from the initial conditions and from a is illustrated in Fig. 5,
where the compressibility–rigidity parameter x is set to 0.15
(since according to Eq. (10) the period is inversely proportional
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for the particular case m¼3, the value of the fixed point Xn can be
calculated analytically since it involves the solution of a
depressed cubic equation that has one real root and two complex
conjugate roots. For example, for the parameters reported in
Fig. 3, we have Xnffi0.912. For a#5 relationship (11) gives a
timescale of the order of 10 h.
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timescales from a few to several hours (t#3$30), for a dimen-
sionless compressibility–rigidity x\0:01 we need a slip para-
meter a#10 or a#1 for x\0:1

Finally, Fig. 6 shows that, under the same conditions, the effect
of increasing m is to increase the period and make the flow rate
variation less symmetrical.

From Fig. 5 we can see that periods of oscillation between
3 and 30 h can be obtained within physically reasonable ranges of
the model parameters, specifically values for the compressibility
and slip parameters of x# 0:1,a# 1. We can also make use of
natural perturbations to the system to compare the observed and
modelled responses. One such perturbation is produced by major
gravitational collapses of the lava dome that overlies the upper-
most cylindrical conduit. A dome collapse at SHV removed the
uppermost #100 m of the dome (corresponding to a pressure
drop DP#2 MPa) on the 25th June 1997. The oscillation period of
a tiltmeter located a few hundred metres from the dome (Voight
et al., 1998) changed abruptly from about 12 h to 7 h, as did the
character of the low frequency seismicity (Green and Neuberg,
2006) (Fig. 7). This sudden change in oscillation period may
indicate that the period depends on the turning point positions
as it does in the idealised system we proposed. In accord with
equation system (9), as the initial pressure approaches the
reference overpressure Pn the oscillation period becomes shorter
mainly because the turning point A in Fig. 3 moves to higher
values (there is also a smaller effect on the position of B that tends
to move to lower values). If the deep pressure source remains
constant and the lithostatic loading decreases as a consequence of
the dome collapse, the overpressure gradient of the system
abruptly increases. Such a sudden change can be simulated by
considering the solution corresponding to a new initial condition
X1 ¼ X0þDX where X0 ¼ Xð0Þ represents the initial condition
describing the system before the dome collapse, and DX¼DP/Pn

is the overpressure increase due to the removal of the loading

(DXE0.15). As an illustrative example Fig. 8 shows that the
simple stick-slip mechanism we model is able to reproduce a
change in the periodicity of the system similar to that showed in
Fig. 7. We found that considering some values of the controlling

Fig. 6. Effect of m on the time evolution of Y(t) (proportional to the flow rate) obtained for x¼0.1, a¼10, XC¼0.1, qin¼0.76, e¼0.002 for the cases m¼2 (left) and m¼4
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Fig. 7. Deformation (tilt) cycles (continuous curve) and associated seismic activity
(histograms) from June 23rd to June 28th, 1997 on SHV, with the relative seismic
amplitude (RSAM) calculated for 20-min windows using the seismic record at
station MBGA. The sudden change on June 25th corresponds to the collapse of the
lava dome. After Green and Neuberg (2006).

Fig. 8. Evolution of the overpressure for a simulated step change in overpressure.
For the set of parameters x¼ 0:15,a¼ 5,XC ¼ 0:1,qin ¼ 0:76,e¼ 0:0019, and m¼3
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(as a consequence of the dome collapse).

A. Costa et al. / Earth and Planetary Science Letters 337–338 (2012) 39–4644



Что	  вулкану	  нужно	  для	  циклического	  поведения?	  

F = λ
µ V ,…( )
Dcond
2 V ⇒ ∂F

∂V
= λ

µ V ,…( )
Dcond
2

>0
  

+ λ V
Dcond
2

>0
 

∂µ V ,…( )
∂V

•  Сила	  трения	  должна	  падать	  с	  
ростом	  скорости	  
–  Переменная	  вязкость	  
–  Проскальзывание	  
–  Неньютоновские	  свойства	  

•  Кинетические	  процессы	  
–  Кристаллизация	  
–  Теплообмен	  
–  Диффузия	  

§  Наличие	  резервуара	  магмы	  
–  Очаг	  
–  Канал	  в	  виде	  дайки	  
–  Сжимаемость	  магмы	  



Проблема!	  

Q = − πD 4

128µ
ΔP
L

Как определить диаметр канала? 



Вулканологи	  за	  работой	  



Распределение	  кристаллов	  по	  
размерам	  –	  новый	  способ	  
мониторинга	  вулканов	  

N(L)⇒ n l( ) = ΔN
Δl

=
dN
dl



Изображение с электронного 
микроскопа 
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37	  

Эволюция	  распределения	  
•  Изменение	  числа	  кристаллов	  данного	  
диапазона	  размераов	  в	  данной	  точке	  =	  приток	  
извне	  +	  рост	  кристаллов	  	  

  

∂
∂t

N + ∂
∂z

NV + ∂
∂L

NU = 0

∂
∂L

⇓

∂
∂t

n+ ∂
∂z

nV + ∂
∂L

nU = 0



Граничные	  и	  начальные	  условия	  	  

  

d
dt

N
L=0

= J ;  
dN L t( )( )

dt
= dN

dL
dL
dt

=Un
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  ⇔  n z, L = 0( ) = J z( )
U z( ) ;

n t, z = H , L( ) = ntop t, L( ) or n t, z = 0, L( ) = nch t, L( )

n t = 0, z, L( ) = n0 z, L( )

L=0 – образование 
зародышей 
 
 
 
 
z=H –на  
поверхности или z=0 в 
очаге 
 
 
 
 
t=0 – в начальный 
момент времени 



Стационарный	  случай,	  
постоянные	  скорости	  роста	  
кристаллов	  и	  подъема	  магмы	  

Общее решение: S,U =const  

!  

n(z, L) = f cz − L( ) = f ξ( ); !!!!!c = US
Q

∂n
∂z

= f ' ξ( ) ∂ξ∂z
= f ' ξ( )c

∂n
∂L

= f ' ξ( ) ∂ξ∂L
= − f ' ξ( )

   

∂
∂z

S(z)V (z)
Q

! "# $# n(z, L)+U (z)S(z) ∂
∂L

n(z, L) = 0



Упрощенная	  
модель	  	  

•  Q,S,U,T	  =const	  
•  Найдем	  J	  (z)	  
•  	  J	  (z)	  =>	  ∆T(z)	  
•  ∆T=T-‐Tliq(p)	  =>	  p(z)	  –	  	  
•  Количество	  
кристаллов	  

•  вязкость	  !  
β(z) = σ n l, z( ) l3 dl; !!!σ=

Sc Ic

Lc
20

Lmax∫

∂n
∂t

+ SU
Q

∂n
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n = f t − SU
Q
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Полная	  модель	  

•  Температура	  
•  Давление	  
•  Степень	  
кристаллизации	  

•  Площадь	  сечения	  
канала	  

•  Скорости	  роста	  и	  
нуклеации	  

•  Вязкость...	  
!  

U ! = !U ( p,T ,x)
J ! = !J ( p,T ,x)
V z( )S z( ) = Q = const

dp
dz

= ρg + λµ( p,T , x)
V z( )
S z( )

dT
dz

=
L*

Cp

dx
dz

Предполагаем         Находим распределения (z)    

Модель	  в	  канале	  
может	  быть	  более	  
сложной	  



Пример:	  Mt	  St	  Helens,	  1983-‐1984	  

•  Стационарныйрост,	  Q	  ~0.7	  m3/s	  
•  кристалличность	  ~	  40%,	  PL+OPX	  

Переход	  к	  очагу	  

D~30 m 



Вылезаем	  из	  канала!	  


